
Descriptive Set Theory
Lecture 5

Properties of Latin schemes
.

let (As)seµ4N a latch scheme

of vanishing diameter i. a metric space IX. d) ,
I let f :D → ✗ be the induced map.

(a) f- is injective and continuous
.

(b) If As = UAsn V-sc.INT then f- is surjective .
NEIN

(c) If As is open
for each self

'"
then f- is open .

(d) If d is complete al Asi c- As U-sc.IN
"" I nHN

,
then

D is closed
.

In fact
,

✗ & D <⇒ 3- u A
✗ in

=∅ .

In particular
,
if all As ≠∅ ,

then D= INN
.

Proof. (a) Iajeutivity is by the fact tht if ✗ ≠g ED the

3- ns.t.xln-tylu
,
but then Axl . A Ayin __∅ .

Continuity is due he vanishing diameter : Kix ✗ ED

al a ball B ( fled
,
E)

.

then 7 ns.t
. diam /And

< { so Ax, ≤ B Hadid since fad C- Aau .

(b) For
any g. EX ,

one sees by induction ou n tht

⊕ t so Si
-

.

. Su i.t.yc-A.s.i.su .
thus
, letting × :-(Ha

AH . . . c- INN
, f(x|=g .0

111 . _
.



14 Open mean that f- (D- relatively open) is 1-(D) -

relatively open .

Dense image preserves unions,
it's enough to show At full D)

,
for a

basic open set 6=6] , SEIN
' '"

,
is open

relative to f- (D) . But f- (G) n D) = As A FID) ,
Wich is relatively open by the hypothesis .

(d) the facts Rt d is eaglet at (As) has vanishing
diameter implies tht ✗ C- INN

, NAIL -1-0
unless Axlu = ∅ for some u .

"

Bct base AT ≤ As , uh Ñxiu = A Axln ,
u

so AAxiu≠∅ unless

one

"

of Ayn =∅ .

Compact metrizable spaces,

A top. space is co-pact if every open war has
a finite above r. Pg taking lowpkuwts, we see

tht this is ycivakct to its deal version : every family
of cloud sets with finite iteration property has a

nonempty intersection
,
where finite intersection property ways



every finite sabwllectiea has a nonempty intersection
.

Some properties related to •
up
action :

Prop .
(a) Closed subsets of •-pact spaces are compact.
⑤ For Hausdorff spaces, compact ⇒ closed .

✗

④
'

×

" Khenpacf
un k =

.

(c) Union of finitely way co-put subsets i, apart .
In particular, finite sets are •pact.

(d) Continuous images at a-pact sits are 6-pact .
In particular

,
if f :X → Y is continuous

,
✗ is upset

and Y is Hausdorff
,
then f maps closed to cloud

.

(Proof. closed in ✗ ⇒ co-pact ⇒ ffae-pact) is wyacf
⇒ closed in 4.)

(e) Continuous injection from a cowpat space into Hausdorff

is in fact an embedding E- homeomorphism with its

image) . ( Proof. f :X↳Y , ✗ compact , Y Hausdorff, then
f- naps closed subsets h closed subsets

.
But ti, injecting



so f- images respect warp
/events

,
hence f naps open

sits to open sets relative to FIX) . thus f- is a

continuous open bijection between ✗ I f-(X)
,
i. e.

a homeomorphism .) In particular , a continuous injection
of 2 "" into any Polish space is automatically an e-bedding .

(f) Disjoint union of finitely many compact spaces is compact .
(g) Tychonaff : products of compact spaces are compact.

(Remark
.
This is egaivalect to Axiom of Choice

. We'll only
use it for ctbl products at that is equivalent to ctbl
Choice

,
chick is okay . )

Recall that a metric
space (Kd) is called totally bounded

if for every {40, there
is a finite E- net

,
here

an [ - net is a subset S ≤✗ sit
.

b-
✗ c- ✗ 3- sc-snikdk.dk

<⇒ ✗ ≤ Bfs
,
e) : -- U B4, e) . .

.

-

.
. ✗

✗ c-s ; iii. - ! . S

Prop . Totally bold metric spaces are separable .

Proof
.

let On ÷ a finite & - net I let D:- UDA ,
NEW

so D is dbl I it is dense bee V-
✗ c- ✗ th >0

3- ns.t
. t.cc I 3- d c-Da s.t.dk/,dkE .



Prop. For a aetric space IX, d), TFAE:

(1) ✗ is compact .
(2) ✗ is sequentially 6-pact , i. e. every sequence has a

lowersent uh sequence .
(3) Heine- Borel property : ✗ is couplet I totally bonded

.

The last two propositions imply tht compact metrizable
spaces are Polish (at all wepatible metrics for then

are autocratically a-plete) .

Examples (of impact metrizable spaces) . 2N, IT:=S
'

:= "%
,
10,1
,

10,1]
'"
= : Hilbert cube

,
the space of all probability measures

or a compact Polish space , e.g .

[0,17
,
with the weak*

topology .

Universality of the Hilbert cube
.

We new show tht [0,01N is
special away all coyacf metrizable spaces .

Theurer
. Any Polish space is homeomorphic to a Go sublet

of the Hilbert cube I any co-put Polish space



is homeomorphic to a closed subset of the Hilbert cube
.

Proof
.

The statecent about wyat spaces follows foam the first

state-eat because 6-pact subsets are closed
.

Now let ✗ be a Polish space at fix a couplet metric
d≤ 1. let D= Cdn) be a dbl dense subset of ✗
I define f : ✗ → [0,171N

✗ ↳ ( dlxidu)neµ .

f- is injective : ÷
!-+ ÷, . f- is continuous here

each projection ✗ ↳ dlx,dn) is continuous
.

f-
'

: FIX) → ✗ is continuous bewse if flxm) → flx)
as miso

,
then K

,
dlxm

,
du) → dlx

,
du) as miso,

which implies tht ✗_ → × as us a bs the density of 0.

Theorem
.
Each Polish space is homeomorphic to a closed subset of IR

"!

Proof
. By the previous theory enough to show tht each

for subset ✗ ≤ [0,1]
"

i , homeomorphic to a closed
subset of IRN .

We have already shown that

✗ is homeomorphic to a closed subset of

10,1]
'"

✗ 1121N ≤ 1121N ✗ IR
'"
E 1121N and 10,13%112""

is itself closed in IR
""
✗ IR

"!

.



Parametrization at wynd metrizable spaces by 2
"!

Theorem . Evey cowpat Polish space is a continuous image
of 2

"!
Proof

. First
,
let's do this for 10,17 : f : 21N→ 10,1]

hick is hewtihwus at surjective .
× '→ -2×61-2

"

.

UH

thus
,
(E)

""
→ [0,131N but
Croatia

.

(ZINYN ± 2.
'NHN
= 21N bar 3- bijection IN ✗IN and IN:

-5N Thus
,
IT:2'N¥f

.

[0,1]
"! Now let ✗ ≤ 10,13

""

F. be a closed subset , then it-4×1 ≤ 21N closed

21N
"N I

µ, ,jN
We let g

: 2
'"
→ it'll

be a retraction
,
so

Toy : 2 "V→s X.
%)

✗ coat
.


